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Abstract 



A Weyl structure is a bundle over space-time, whose fiber at each 
space-time point is a space of maximally isotropic complex tan- 
gent planes. We develop the theory of Weyl connections for Weyl 
structures and show that the requirement that the connection be 
torsion-free fixes the Weyl connection uniquely. Further we show 
that to each such Weyl connection, there is naturally associated a 
(2, 3, 5)-Pfaffian system, as first analyzed by Cartan. We deter- 
mine the associated G2-conformal structure and calculate it ex- 
plicitly in the cases of the Kapadia family of space-times and of 
the Schwarzschild solution. 



Introduction 



A space-time is by definition a connected smooth oriented four manifold, equipped 
with a Lorentzian metric. Naturally associated to the metric of the space-time are 
a number of Lie groups, for example the Lorentz group, the Poincare group, the 
Weyl group and the conformal group: these give rise to principal bundles over 
the space-time, with connection, which encode certain features of the space-time: 
for example the bundle of orthonormal frames carries the Levi-Civita connection, 
whereas the Cartan normal conformal connection is carried by a principal bun- 
dle with group the Weyl group; this latter connection reflects the conformally 
invariant information of the space-time. These structures easily generalise, mu- 
tatis mutandis, to other dimensions. 

The purpose of this work is to present a new space-time construction, which ap- 
pears to be special to four dimensions, and which is conformally invariant, like 
the Cartan connection, but one for which the natural group is the first exceptional 
complex Lie group G2 of Wilhelm Killing [fT3| . From a modern perspective. 
Killing found the G2 Lie algebra. Later Elie Cartan and Fritz Engel gave realiza- 
tions of the associated Lie group, as symmetries of the octonions and as symme- 
tries of a generic three-form in seven dimensions HI 121 111 [H. A priori there is no 
sign of this group in standard general relativity. Apparently, the reason for this 
is that the group does not appear in connection with Minkowski space-time: in- 
stead the "flat model" turns out to be a constant curvature null plane wave, whose 
conformal metric (a special case of a family of metrics considered by Devendra 
Kapadia) may be given, for example, as dudv — dx'^ — u^dy'^, where (m, f , x, y) 
range over the open subset of with u positive [12|. 

Cartan discovered that a G2-structure appeared automatically in connection with 
the study of generic Pfaffian systems consisting of three one-forms in five dimen- 
sions [HI |6l |71. Here we call this structure a (2, 3, 5)-system: the "2" refers to 
the space of vector fields that annihilate the Pfaffian system, the "3" to the extra 
direction generated by taking the Lie brackets of the vector fields of the "2". Then 
the "5" indicates that the Lie brackets of the vector fields of the "3" taken amongst 
themselves generate the remaining two directions in the tangent-space. 
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Given a real analytic space-time, it may be complexified and then it may be shown 
that its conformal structure gives rise to an holomorphic Riemann sphere bundle 
over the complexified space-time, which carries a natural conformally invariant 
(2, 3, 5)-structure, exactly of the type considered by Cartan, provided only that 
the space-time be not conformally flat. Li the following we develop this structure. 

First we give a slight refinement of a conformal four-manifold, which we call 
a Weyl structure (which may be defined in any even dimension). This assigns to 
the conformal structure one of its two families of maximal isotropic subspaces: 
in the language of physics, the Weyl structure is chiral, or parity-violating. This 
family provides the relevant sphere bundle; on it, we define an extension of the 
Weyl structure, which we call a Weyl connection. The Weyl connection has a nat- 
urally defined torsion and we show in the torsion-free case, the Weyl connection 
is unique. When the Weyl torsion vanishes, the curvature is well-defined and is 
shown to be equivalent to the self-dual part of the Weyl curvature of the conformal 
manifold. Finally, we show that if this curvature is non-zero, the torsion-free Weyl 
connection naturally gives a (2, 3, 5)-structure, which is therefore canonically as- 
sociated to the conformal space-time. In fact, even if the Weyl torsion is non-zero, 
generically, we still have a (2, 3, 5)-structure, but the study of the structure in that 
case is far more complicated and has yet to be accomplished in detail. 

Pawel Nurowksi, in completing a research program, begun with the third author, 
showed that naturally associated to Cartan's Pfaffian system, when put in a certain 
canonical form, there is canonically defined a conformal structure on the under- 
lying five-manifold of the system, whose Cartan conformal connection has group 
reducible to G2 and which gives the structure found by Cartan [fT6l[T7l[T8l . An- 
dreas Cap and Katja Sagerschnig showed how to describe the conformal structure 
directly from the Pfaffian system, without first putting it into canonical form 

The main result of the present work is the determination of an explicit formula 
for the G2-conformal metric in five dimensions, for the case of torsion-free Weyl 
connections, using the work of Cap and Sagerschnig. We also write out this 
conformal structure in two special cases: first for the Kapadia family of plane 
wave metrics, where in particular, we identify "flat" models; then for the standard 
Schwarzschild metric [[22l . For these metrics, we are able to put the system explic- 
itly into the Cartan canonical form and thereby compute the conformal structure, 
using Nurowski's formula. For each case the two calculations of the conformal 
structure are carried out using different techniques and the results precisely agree. 
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The present work should be considered in the context of twistor theory; indeed 
one of the main achievements of twistor theory is the analysis of (complex ana- 
lytic) space-times with vanishing self-dual Weyl curvature, due to Roger Penrose, 
Ezra Newman and others [fT5l[T9ll23ll24l . This work aims to fill the gap where the 
self-dual Weyl curvature is non- vanishing. It would be of considerable interest to 
study manifolds, with non-zero self-dual Weyl curvature, but zero anti-self-dual 
Weyl curvature: these have associated G2-conformal structures and, at the same 
time, the dual twistor theory applies; the interaction between these theories should 
be fruitful. Also even when the self-dual Weyl curvature is non-zero, there is a 
twistor theory defined for each hypersurface in the space-time, studied particu- 
larly by the third author [|23l |24l. The interplay between the G2 -theory and the 
hypersurface twistor theory has yet to be elucidated. 

We have presented the work for the case of the complexification of real space- 
times, which of course entails the physically undesirable requirement that the 
space-time be real analytic. However the structure is still well-defined without 
analyticity and without complexification: one still has a sphere bundle and the 
G2-conformal structure associated with it, but the conformal structure is inher- 
ently complex, in that the sphere is still treated as if it had just one dimension (i.e. 
all calculations are holomorphic on the sphere), so it is a little hard to interpret the 
G2-structure in this case. None of these difficulties occur in the real analytic case. 
The G2-conformal structure is also present for Riemannian four-manifolds, where 
similar remarks apply. In the case of Kleinian (ultra-hyperbolic) four-manifolds, 
however, the theory has a completely real version; in that case the group is the real 
non-compact form of the complex Lie group G2 and analyticity is unneeded. 

From our formula for the G2-conformal structure, it is possible to compute the 
curvature directly. The results will be presented elsewhere. The G2-conformal 
structure itself probes four derivatives of the space-time metric (two symmetrized 
derivatives of its Weyl curvature). So the G2-conformal connection involves seven 
derivatives of the original space-time metric. We expect that the structure will 
simplify, when we pass from the five-manifold to the associated seven-manifold 
of Charles Fefferman and C. Robin Graham [|9l [TOl. In this context we should 
note that for the Kapadia family of metrics, the G2-conformal structure is always 
conformal to vacuum, so the Fefferman-Graham extension is routine. At the time 
of writing, we do not yet know if this is true for the Schwarzschild G2-conformal 
structure. 
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In section one we recall the theory of (2, 3, 5)-structures, due to Cartan. In section 
two, we define Weyl structures associated to a conformal structure for a four- 
dimensional vector space. In section three we define Weyl space-times, which are 
equipped with Weyl structures for each tangent space. In section four we con- 
struct the associated sphere bundle, which will carry the G2 -conformal structure. 
In section five we define Weyl connections, their torsion and curvature. In section 
six, we compute the Weyl connection locally, and show that the torsion-free Weyl 
connection is unique. In section seven, we show that every torsion-free Weyl con- 
nection with non-vanishing Weyl curvature is naturally a (2, 3, 5)-system. 

In section eight we recap the spinor approach to space-time following the ap- 
proach of Penrose ||20ll2T]| . In section nine, we recall how to pass from a null tetrad 
in space-time to the associated spin connection. In section ten we describe the ab- 
stract index approach of Penrose and in section eleven we apply this approach to 
the decomposition of the curvature tensor of a spin connection. In section twelve 
we lift the spin connection to the spin bundle, constructing the appropriate invari- 
ant forms, which are dual to the horizontal vector fields of the connection. In 
section thirteen we apply the spinor formalism to the Weyl structures and prove, 
in particular that the Weyl curvature of the Weyl connection coincides with the 
self-dual part of the Weyl curvature of the space-time conformal structure. In sec- 
tion fourteen we use the spinor techniques to write out our main result. Theorem 
2, the formula for the G2-conformal structure of a torsion-free Weyl connection. 
The proof of Theorem 2 occupies sections fifteen to twenty. 

In section twenty-one, we introduce the Kapadia family of space-times. In sec- 
tion twenty-two, we put the Weyl connection for each Kapadia space-time in the 
Cartan canonical form. In section twenty-three, we write out the G2-conformal 
structure for the Kapadia metrics, using the Nurowski formula and show that these 
agree with our general formula. We find that all of these G2-conformal structures 
are conformal to vacuum. In section twenty-four, we specialize to a sub-family of 
the Kapadia family, where we are able to identify the elements of the sub-family, 
which give rise to conformally flat G2-conformal structures. In section twenty- 
five, we recall the Schwarzschild solution and its spin connection. In section 
twenty-six, we write out the G2-conformal structure for Schwarzschild, which is 
surprisingly complicated, considering that it only depends on a single free param- 
eter, the mass. Finally, in section twenty- seven, we put the Schwarzschild Weyl 
connection in Cartan canonical form, compute the G2-conformal structure using 
Nurowski's formula and verify that it agrees with our general formula. 
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We end with some technical remarks: in calculating with the Nurowski formal- 
ism, the calculations were carried out using the Maple computing system. In 
computing the various spin connections and in deriving our formula for the Cap- 
Sagerschnig conformal structures, all the (intricate) calculations were done by 
hand, effectively following their calculation line by line. Although we have only 
presented the results in the complex analytic case, all the metrics have obvious 
analogues in the Lorentzian, Riemannian and Kleinian real cases. We have dis- 
cussed the Penrose spinor structures in such a way that the natural group for these 
structures is the product of two copies of the Lie group GL(2, C); it is common 
to simplify by requiring that their structure group be reducible to the sub-group of 
all pairs {A, B) in GL(2, C) x GL(2, C), such that det(A) = det(S). We did not 
do this here. 

We work in the holomorphic category; our manifolds are complex analytic and 
bundles over them are complex analytic. If M is a complex manifold, and if if k is 
a non-negative integer, we denote by fi^ (M) its sheaf of holomorphic /c-forms and 
by Q(M) the sheaf of all holomorphic forms on M. The holomorphic tangent and 
cotangent bundles of M are denoted TM and T*M, respectively. We sometimes 
do not distinguish clearly between elements of a bundle or sheaf (germ) at a point 
and sections of the bundle or sheaf, over an open set, letting the context decide the 
appropriate interpretation. 

If A is a (complex) vector space, or a vector bundle, we denote by A* its dual; 
if /c is a non-negative integer, we denote by VL^{k) and A'^, the fc-th exterior and 
k-\h symmetric products, of A with itself, respectively. Also we denote by f2(A), 
the full exterior algebra of A. We denote by PA the projective space of A, so PA 
is the Grassmanian of all one-dimensional subspaces of A. For ^ a G A denote 
by [a] G PA the one-dimensional subspace passing through a; so if 6 G A, then 
6 G [a], if and only if a complex number s exists with 6 = sa. If B is a subspace of 
A, we call the annihilator of B, the subspace of A*, consisting of all /3 G A*, such 
that I3{h) — 0, for all 6 G B. Our usual interpretation of a connection for a vector- 
bundle over a manifold is as a map d from sections of the bundle to a section of 
the tensor product of the bundle with the bundle of one-forms of the manifold; 
it is understood that d preserves duality of bundles; it is also understood that d 
acts as the exterior derivative on forms. Then the curvature of the connection is 
d^. Finally, when the context is appropriate, following Cartan, we often omit the 
wedge in the exterior product of forms. 
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A 

1 The five-variable theory of Elie Cartan 



Let 5 be a complex manifold of five dimensions and let T denote a two-complex 
dimensional sub-bundle of the tangent bundle of S. Dually, let T denote the 
three-dimensional subbundle of the co-tangent bundle of 5, that annihilates T. 
Then T is said to be generic, or of type (2, 3, 5), if, in the neighbourhood of any 
point of the space 5, there are holomorphic local sections v and w of T, such 
that the five vector fields {f , lu, [f , w], [f , [f , w]], [if, , if]]} trivialize the tangent 
bundle. 

Following Gaspard Monge and David Hilbert, Elie Cartan analyzed such a system 
[I5l[lll[l4l. Written first, dually, using differential forms, the bundle T of Cartan 
may be taken to be the sub-bundle of the co-tangent bundle of a space 5, with five 
complex co-ordinates (x, g, z), spanned by the following one-forms: 

dy~pdx, dp — qdx, dz — F{x,y,p,q, z)dx. 

Here F{x,y,p, q, z) is a given holomorphic function of its arguments. The point 
here is that the vanishing of these forms (with dx ^ 0) corresponds to solutions 
of the differential system, where ' denotes differentiation with respect to x: 

y' = p, p = q, z' = F{x,y,p,q,z). 

Equivalently the system describes a single under-determined equation, studied, in 
special cases, by Monge and Hilbert: 

z' = F{x,y,y',y",z). 

For this system, the bundle T is then spanned by the vector fields: 

V = dq, w = dx+ pdy + qdp + Fd^, ■ 
The required commutators are as follows: 

[v,w] = dp + Fqd^, 

[V, [V,W]] = Fqqd^, 

[w, [v, w]] = ~dy - {Fp + FqF, - Fq, - pFqy - qFqp - FFq,)d,. 

Here and in the following we use subscripts to denote partial derivatives. So we 
have, immediately, by inspection of these commutators: 

Lemma 1. The Cartan system: T' = {dy—pdx, dp— qdx, dz—F{x, y, p, q, z)dx} 
is generic, of type (2, 3, 5), if and only if Fqq ^ 0. 
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Cartan studied the equivalence problem for his differential system and showed 
that in the generic case it was governed by a principal bundle with connection 
with group G2 L5J. Pawel Nurowski showed that the Cartan principal bundle could 
be interpreted as a reduction of the Cartan conformal connection for a conformal 
structure naturally defined on the space S [fT6l[T7l . Andreas Cap and Katja Sager- 
schnig showed a direct method of passing to the conformal structure associated to 
any T of type (2, 3, 5), without requiring that the differential forms generating T' 
first be put in the form considered by Cartan [3J. They also showed that, when 
applied to the Cartan (2, 3, 5)-system, their conformal structure agrees with that 
of Nurowski. We may summarize with their theorem: 

Theorem 1. (Elie Cartan, Pawel Nurowski, Andreas Cap and Katja Sagerschnig) 
To any (2, 3, 5)-system T, on a five-dimensional complex manifold S, there is 
naturally associated a conformal structure. The Cartan conformal connection of 
this structure has holonomy a subgroup 0/G2. 

There is also a real version of this theorem, where all quantities are real; this 
requires only smoothness, not analyticity: the conformal structure has signature 
(3,2) and the holonomy group of the Cartan conformal connection is then a sub- 
group of the non-compact real form of G2. 
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2 Weyl structures 



Given a complex four-dimensional vector space, T, denote by PT its associ- 
ated projective space and by GT the Grassmanian of all two-dimensional sub- 
spaces of T. The Klein quadric, KT, is the quadric in P(Q^(T)), consisting of all 
uj e n^(T), such that u Au = 0. The Klein correspondence maps each x e GT 
to the unique point [u] of KT, such that f A A = 0, for any w G x and any AG [cu]. 
The inverse correspondence takes each [u] G KT to the unique element x G GT 
consisting of all v eT, such that A A = 0, for any AG [u;]. 

A projective plane S in P(n^(T)), equivalently, a three-dimensional subspace of 
fi^(T), is said to be regular, if and only if its intersection with KT is a non-singular 
conic. If S is regular, its polar plane, S', is the space of all r G f^^(T), such that 
(T A r = 0, for all (T G E. Then E' is regular and has polar E. A pair of regular 
projective planes E='=, such that each is the polar of the other is called a polar pair. 

Definition 1. A conformal structure for T is a non-singular quadric [G] in PT. 

Definition 2. A two-dimensional subspace ofT is said to be isotropic with respect 
to a conformal structure [G] for T, if and only if the subspace is totally null, if and 
only if the projective image of the subspace is a projective line on the quadric [G\. 

The isotropic planes in T assemble into two families, called the isotropic families, 
which each rule the quadric. Each family gives a projective curve in KT; in turn 
each such curve in KT is the intersection with KT of a (unique) regular projective 
plane in P(r2^(T)). The two planes thus generated form a polar pair. Conversely 
given a polar pair of projective planes in P(Q^(T)), each plane intersects the Klein 
quadric in a projective curve, giving the pair of isotropic families for a unique 
conformal structure for T. So we have the Lemma: 

Lemma 2. There is a one-to-one correspondence between polar pairs of projec- 
tive planes in VL^(T) and conformal structures for T. 

The annihilator of a regular plane in P(n^(T)) is a regular plane in P(n^(T*)), 
which gives T* the conformal structure inverse to that of T. The annihilator of an 
isotropic plane in T is then an isotropic plane in T*. Henceforth, we pass freely 
from T to T* and back, via annihilators. 

Definition 3. A Weyl structure is a pair (T, E) consisting ofT, a four-dimensional 
complex vector space and E, a regular three-dimensional subspace offl'^{T). 

Thus a Weyl structure determines a conformal structure for T and a distinguished 
family of projective lines on the quadric [G] defining the conformal structure. 
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3 Conformal space-times; Weyl space-times 



We work with complex manifolds, entirely in the holomorphic category. For con- 
venience, we restrict our attention to connected manifolds. 

Definition 4. A complex conformal space-time is a pair (M, [G]) consisting of a 
complex four-manifold M and a holomorphic family, [G] = {[G]x;x G M}, where 
[G]x is a conformal structure for the tangent space toMat x gM.. 

By the results of the last section, the following definition is equivalent: 

Definition 5. A complex conformal space-time is a triple (M, S^) consisting of a 
complex four-manifold M and a polar pair of sub-bundles, 2=*= o/02(M). 

For a Weyl space-time, we simply single out one of the elements of the polar pair: 

Definition 6. A Weyl space-time is a pair (M, S) consisting of a complex four- 
manifold and an everywhere regular three dimensional subbundle, S, o/fi2(M). 

So a Weyl space-time gives M a holomorphic family of Weyl structures, one for 
each tangent space of M. We denote by the conformal structure on M, nat- 
urally derived from the Weyl manifold (M, E). So every Weyl space-time is nat- 
urally a complex conformal space-time. If (M, E+) is a Weyl space-time, then so 
is (M, E-), where E" is the polar of E+. Then we have [G]s+ = [G]s-. 

Example 1. The Klein quadric 

Let T be a three-dimensional complex projective space. Denote by M the space 
of projective lines in T. So M is a four-manifold, the Klein quadric of T. Then if 
X is a projective line in T, so x is a point of M, there is a three-dimensional cone 
at X, the space of all projective lines y in T that pass through the line x. To each 
such line y ^ x, there is naturally associated its point of incidence x H y with 
X and the plane containing x and y, x U y. The map y (x D y,x U y) fibers 
the null cone over the quadric [G]x of all pairs {z, Z) consisting of points z & T 
of X and planes Z in T such that x C Z. As x varies, the ensemble of quadrics 
{[G]x : X G T} represents a conformal structure for M. At each x G M, fixing z 
and letting Z vary gives one Weyl structure, E+ , say; fixing Z and letting z vary 
gives the other Weyl structure, say E~. 
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4 The null cone bundle of a Weyl space-time 



The null cone bundle of a Weyl space-time (M, S) is the fiber bundle N consisting 
of all a; e E such that a; A a; = 0. Projectively this gives a fiber bundle, denoted, 
S, over M, with fibre at x e M, a Riemann sphere, denoted Sj;. In particular, S is 
a five-dimensional complex manifold. 

Denote by p the canonical projection 7; : S — > M. Denote by p* the induced 
map from the tangent bundle, T§, of §, to the tangent bundle of M. Denote by V 
the kernel of p*, so V is a line sub-bundle of T§, the vertical bundle. The elements 

of V are tangent to the fibers of p. Restricted to any fiber, for a; e M, V gives 
a line bundle of Chern class two. On each fiber, the three-dimensional space of 
global sections of V forms the Lie algebra of 0(3, C), under commutation. 

If X — [x, [uj]) e S (so we have, in particular, p{X) — x & M., whereas 
7^ cu e S, where uj f\ u = 0), denote by W^, the space of all tangent vec- 
tors Y at X, such that if y = p*{Y) is the projected tangent vector at x, then 
iy{\) = 0, for any A e [a;]. Then W = {Wx'iX e S} is a three-dimensional 
vector sub-bundle of T§; we call W the Weyl bundle of §. Note that V C W. 
Restricted to any fiber, §3. for x e M, the bundle W splits (following the Birkhoff 
theorem) as a sum of three line bundles with Chem classes (2, 1,1). In particu- 
lar the space of splittings of the inclusion homomorphism V W on any 'Bx is 
parametrized by the space of global sections of a bundle with Chern classes (1,1), 
so is a four-dimensional vector space. 

Dually, for X e S, denote by 6x, the space of all one-forms a at p{X), such 
that « A A = 0, for any AG [uj], pulled back to the point X along the canonical 
projection. Then as X varies, = {Qx]X E §} gives a two-dimensional sub- 
bundle of r2i(S). Then the bundles 9 and W are the annihilators of each other. 
Next, let V denote the annihilator of V in Qi(§). So V is a four-dimensional 
sub-bundle of Qi(M). Also V is the pull-back along the projection p of ni(M). 
V may be called the bundle of tensorial one-forms of §. Finally O C V. 

Example 2. The Klein quadric 

For the Klein quadric, M, of example one above, in the case of the Weyl structure 
E+, the bundle S is the space of pairs {x, z) with x a projective line in T and 
z E x; for the Weyl structure E~, the bundle § is the space of pairs {x, Z) with x 
a projective line in T and Z a projective plane in T, such that x E Z. 
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5 Weyl connections, their torsion and curvature 



Let (M, S) be a Weyl space-time, with its projective null cone bundle S, the pro- 
jection p : § ^ M, the Weyl bundle W C T§, the vertical bundle V C W and the 
bundle of one-forms, ©, the annihilator of W, as described in the last section. 

Definition 7. A Weyl connection is a two-dimensional subbundle T of W, such 
that W = T + V. Dually a Weyl connection is a three-dimensional sub-bundle T' 
o/Oi (S) such that T' n V = 0; we pass from T to T' and back via annihilators. 

On each fiber S^^, T is a sum of two line bundles, each of Chem class one. Given 
a Weyl connection, T, for (M, S), consider the bundle f22(S) modulo the ideal 
generated by T'. On dimensional grounds, this is a line bundle, denoted L, over 
S. Note that L may be identified with the quotient of the kernel of V in Jl2(S) 
modulo the ideal generated by ©. Also L has Chem class 2 over each Sj;. 

Definition 8. For a any local section of the bundle ©, put T{a) — da mod T'. 
Then T gives a vector bundle homomorphismfrom © to L, called the Weyl torsion 
of the Weyl connection, (M, E, T). 

Definition 9. A Weyl connection {Ad. E, T) is torsion-free if and only ifT = 0, if 
and only if da lies in the ideal generated by T', for any local section a ofQ. 

Now suppose that (M, S, T) is a torsion-free Weyl connection. For a a local sec- 
tion of T', put W{a) = da mod V. Then l/T is a vector bundle homomorphism 
from T' to L which vanishes on ©, so W may be considered to be a homomor- 
phism of line bundles W : T'/© L. Further, the line bundles V and T/Q are 
naturally dual, so W may be considered to be a global section of the line bundle 
L (g) V, a line bundle, which, over each fiber E>x, has Chern class four. 

Definition 10. The global section W of the line bundle L (g) V over § is called the 

Weyl curvature of the torsion-free Weyl connection (M, S, T). 

Definition 11. A Weyl connection (M, E, T) is said to be Weyl-flat, or a twistor 
structure, if and only if its Weyl torsion and Weyl curvature both vanish identically, 
if and only ifT' defines a dijferential ideal, if and only ifT is Frobenius integrable. 

Definition 12. If (M, E, T) is a twistor structure, its space of integral manifolds 
is a three-dimensional space, called the twistor space of the Weyl manifold. 

Example 3. The Klein quadric 

For the Klein quadric, M, of examples one and two above, fixing z and varying x 
foliates S gives (M, E"*") a flat Weyl connection. Similarly, fixing Z and varying 
X gives (M, E~) a flat Weyl connection. In each case the twistor space is T. 
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6 Local computations 



Let (M, E, T) be a Weyl manifold with connection. A noraialized frame for S is 
a local basis {a±, ao} such that a| = 0, a-tao = and (T+(7_ = — Sctq = t ^ Q. 
Such a normalized frame always exists. With respect to a normalized frame, the 
general element a of S can be written, uniquely a = x+o'+ + x_(T_ + 2xoao. 
Then we have = 2{x+X- — xI)t. In particular a lies in the null cone of E if 
and only if cr^ = 0, if and only if = x^, if and only if complex numbers p 

and q exist such that a — p'^a^ + 2pqao + The ratios p : q then parametrize 
the sphere bundle S. Next it is straightforward to show that a local basis of one- 
forms, {l,m,m' ,n} exists, called a null tetrad, such that the symmetric tensor, 
G = 2{ln — mm'), represents the conformal structure of the Weyl manifold and 
such that (7+ = Im', cr_ = mn and 2ao = In + mm'; then r = —Imm'n. Note 
that the polar, E', of E has as its local basis {Im, m'n, In — mm'}. At any point 
q) of §, put: 

T] — pi + qm, 9 — pm' + qn. 

Then we have: 

+ 2pqao + q^a^ — p^lm' + pq{ln + mm') + (fmn 
= {pi + qm){pm' + qn) = rj9. 

Thus the pair of one-forms {?], 9} span an isotropic space for any p and q, not both 
zero. Also a local basis for the bundle © at (x, p,q) e § is the pair of one-forms 

{r],9}. If now T is a Weyl connection, the third basis form in T', apart from t] and 
9, can be written locally as 7 = qdp — pdq — T J — T2m — T^m' — T^n, where 
each of the functions Fi, Fs and r4 is homogeneous of degree two in the pair 
(p, q). Now if we work modulo the ideal generated by ©, there are one-forms 
and t/j, such that we have: 

/ = — m = pcf), m' = qip, n = —p^. 

Put a = (jyip. Then modulo the ideal of ©, we have: 

Im' = —q^cr, Im = m'n = 0, In = mm' = pqa, mn = —p^a. 

In particular, modulo ©, E' is reduced to zero (i.e. E' lies in the ideal). Then 
we compute the exterior derivatives of the members of the null tetrad and reduce 
the results modulo the ideal of ©. This gives formulas, valid for A, B, C and D 
certain (computable) homogeneous quadratic polynomials in the pair (p, q) : 

dl — Aa, dm — Ba, dm' — Ca, dn — Da. 
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Now we may compute the torsion of T; working modulo the ideal of ©, we have 
first: 

dfj = d{pl + qm) = {dp)l + {dq)m + pdl + qdm 

— {pdq — qdp)4> + {pA + qB)a 

= 07 - ((pr2 - r,q)<l> - (pr4 - qrs)^)(f> + {pA + qB)a 

= 07 + {p{A - V^) + q{B + V^))a. 

Since the first term lies in the ideal of T, we see that the first part of the torsion is 
represented by the quantity ri = p{A — V4) + q{B + V^), which is homogeneous 
of degree three in (p, q). Next we have, modulo the ideal of 6: 

de = dijrm' + qn) = {dp)m' + {dq)n + {pC + qD)(T 

= {qdp — pdq)%lj + {pC + qD)a 

= 7V^ + {{pT2 - rig)0 - {pTi - gPs)^)^ + {pC + qD)a 

= 7^ + ((p(C + r2) + g(L'-ri))(7. 

Since the first term lies in the ideal of T', the second and last part of the torsion is 
represented by the quantity t-2 = p{C + T2) + q{D — Ti), which is also homoge- 
neous of degree three in (p, q). 

Now suppose the torsion is zero: ti — T2 — 0. Then we can write out the forms 
Fi, and F4 as follows: 

Fi^D+pg, r2 ^-C + qg, V^ = -B + ph, V^ = A + qh. 

Here g and h are unknown homogenous functions of degree one in (p, q). Then 
we have: 

FiZ + Fam + T^m' + T^n ^ Dl - Cm - Bm' + An + grj + hO. 
So, in the zero torsion case, the bundle T' has as basis the one-forms: 

T' = {pi + qm, pm' + qn, qdp — pdq — Dl + Cm + Bm' — An}. 
Thus we have the analogue of the Levi-Civita Lemma for Weyl manifolds: 

Lemma 3. (Levi-Civita for Weyl) Given the Weyl manifold, (M, E), there is a 
unique torsion-free Weyl connection (M, E, T'). 
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7 Torsion-free Weyl is naturally (2, 3, 5) 



In the torsion-free case, to compute the Weyl curvature, using the notation of 
the last section, we need only compute the exterior derivative of the one-form 
7 = qdp — pdq — Dl + Cm + Bm' — An modulo the ideal generated by T'. The 
result necessarily has the form: 

dj = Wa. 

Here is a computable homogeneous quartic polynomial in the variables (p, q) 
that represents the Weyl curvature. 

Now we assume henceforth that T is not integrable, so not a twistor space. Hence 
W is not identically zero. We delete from the space S the zeroes of W. This 
entails first deleting from M any point at which the Weyl curvature vanishes and 
the whole fiber of § at that point. Denote by A4 the residual manifold, an open 
subset of M, with complement in M an analytic set. Next at any point x e M., 
since 1^ is a not identically zero quartic, by the fundamental theorem of algebra, 
there are at least one and at most four values of the ratio p : q, where W vanishes. 
We delete these points (x, p, q) from S. Denote the residual space by S. This is 
an open subset of p'^{M.), with closure S, whose complement in S is an analytic 
set. Denote by T and T', the restrictions of T and T' to S. Then we have the 
proposition: 

Proposition 1. The torsion-free Weyl connection 5, T) is a (2, 3, b)-sy stem- 
on the five manifolds. 

Note that, in general, S is not globally a fiber bundle over M., since the number 
of roots of W may vary from point to point. However in the generic case, where 
there is at least one point where W has four distinct roots, then, perhaps after 
deleting a further algebraic set, we may assume that W has four distinct roots 
everywhere. In that case, called algebraically general, it is natural to replace each 
sphere S^;, for x G Ad, by its double cover, a torus, branched at the four roots. 
The modulus of the torus is determined by the cross-ratio of the four points and is 
expressible directly in terms of invariants of W . Then we have a toroidal fibration 
over M. and the proposition implies that we have a (2, 3, 5) -structure away from 
the branch points. 
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For the proof of the proposition, we work locally and use the notation of the last 
section. Denote the dual basis of vector fields on by {L, M, M', N}, dual to 
the basis of one-forms {/, m, m', n}, with the dualities L.n = N.l = 1, M.m' = 
M'.m = —1 and all other dot products zero. Then the vector fields spanning T 
are the vector fields: 

{pL + qM - Xd, pM' + qN -Yd}. 

Here these vector fields act on functions of p and q that are homogeneous of degree 
zero. Then, acting on such a function /, the vertical operator d is determined by 
the relations: {dp,dg)f = i—q,p)df. Note that 9 is dual to the homogeneous 
one-form pdq — qdp: (pdq — qdp).d = 1. Also d is of degree minus two. Then 
the product of d and any homogeneous function of degree two in (p, q) maps the 
space of homogeneous functions of degree zero to itself. The vector fields of 
T automatically annihilate the forms of 6; then the quantities X and Y, each 
homogeneous of degree three in the variables {p, q), must also annihilate the third 
basis one-form of T', the one-form 7 = qdp — pdq — Dl + Bm + Cm' — An, 
which (since [pdq — qdp).d = 1) gives the relations: 

X = (pL + qM).{Dl -Cm- Bm' + An) ^pA + qB. 

Y = {pM' + qN).{Dl -Cm- Bm' + An) = pC + qD, 
So we may rewrite the vector fields as: 

{P,Q}, P^pL + qM + Bdp-Adg, Q^pM' + qN + Ddp-Cdg. 

In this form they act naturally on any function of p and q, not necessarily just 
functions homogeneous of degree zero. Note that the product of P or Q by any 
homogeneous function of degree minus one in {p, q) maps the space of homoge- 
neous functions of degree zero to itself. Then, since the Weyl torsion is zero, their 
Lie bracket, acting on functions of degree zero, considered modulo combinations 
of P and Q, gives the relation: 

[P, Q] = Wd, mod P, Q. 

Since, by hypothesis, the Weyl curvature W is everywhere non-zero, we have 
that the Lie bracket adds to the " 2" of P, Q the vertical vector field d to give the 
" (2, 3)", of our putative (2, 3, 5) system. 
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Now we have, acting on homogeneous functions of degree zero, when p 7^ 0: 

\p'^d,p-^P] = \pdg,p-^P] = p-^\pdq, P] = M, mod P, Q, d, 

\p'd,p-'Q] = \pd„p-'Q] = p-'\pd„ Q] = TV, mod P, Q, d. 

So, when p the span of the iterated commutators gives at least the span of the 
five vector fields: 

{p-'P,p-'Q,p^d, M, N}. 

This is equivalent to the span of the set {p'^d, L + qp~^M, M' + qp~^N, M, N} 
and therefore to the span of the set: {p^d, L, M, M', N}, which spans the entire 
tangent space. Similarly when g 7^ 0, we have: 

[-q'd, q-'P] = [qdp, q-'P] = q-'[qd„ P] = L, mod P, Q, d, 

l-q^d, q-'Q] = [qdp, q-'Q] = q-'[qdp, Q] = M' , mod P, Q, d. 

So, when g 7^ the span of the iterated commutators gives at least the span of the 
five vector fields: 

{q-'P,q-'Q,q'd,L,M'}. 

This is equivalent to the span of the set {q^d, M + pq~^L, N + pq~^M' , L, M'} 
and therefore to the span of the set: {q^d, L, M, M', N}, which spans the entire 
tangent space. Since the variables p and q are never both zero, we have proved 
that the system T is a (2, 3, 5) system on the space S, as required, and we are done. 

Note that we have only proved this result here for the torsion-free case; when 
suitably stated the result also holds true in the case of non-zero torsion, but this 
will not be analyzed here. 
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8 Spinor computations 

We reprise the approach of Penrose to spinors for a complex four-manifold, M 

mm-. 

Definition 13. A Penrose spin structure for M is a quartet of two-dimensional 
bundles over M, S±, with dual to S+ and S~ dual to S_, together with a 
one-form 9 on Ml with values in S+ ® called the canonical one-form, subject 
to the regularity condition that 9 give an isomorphism from TM to ® §~; 
equivalently, 9 is required to give an isomorphism from ® §_ to T*M. 

Denote by and L-t, the line bundles and respectively. When 

considering tensor products of the spin spaces, we ignore the relative ordering of 
factors from §+ or 8+ vis a vis factors from or more formally, we quotient 
the tensor algebra at each point of M, by the two-sided ideal generated by the re- 
lations a'^ ® — ® «+, for all in §+, or in 8+ and all a" in S^, or in S^. 
Similarly, we regard the line bundles L^*" and Lj. as commuting with other spinors. 

Taking appropriate tensor products, we have the decompositions: 

(TM)2 = L+ ® L- + (§+)2 ® (§-)2, 
(T*M)^ = L+ O L_ + §^ ® 

E+ = L+®(§-)2, E- = (§+)2®L-, 
(]2(M) = S+ + 

f]^(TM) = L+ ® ® §+ ® 
Vt^{M) = L+ ® L_ ® §+ ® 
n\TM) = (L+)2 ® (L-)^ 
fi4(M) = ® 

Traditionally, for a Penrose structure, one also requires that there be given an iso- 
morphism of L+ and and dually an isomorphism of L_|_ and L_ . We will not 
require this here. 

The part [G] = L+ ® L_ of (T*M)^ gives M a canonical conformal structure, 
whose inverse is the part of the bundle (TM)^. 
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To construct a null tetrad, we take a basis {a, (3} of and a basis {7, S} of 
Then the four co-vectors / = 6{a®^),m = 9{P0^),m' = 6{a®5),n = 9{P05) 
form a null tetrad and g = 2{ln — mm') represents the conformal structure. A 
general co-vector T is represented hy ua® {3 + xjS ® + ya® 5 + vjS ® 5. The 
image of in L4. ® L_ is then: 

g~\T,T) ^2{uv-xy){aAp)®{-f A6). 

In particular for any p and q not both zero, the vectors pl+qm — pa®^-\-ql3®^ — 
{pa + q(3) ® 7 and pm' + qn = pa®5 + qP<Si6 — {pa + qP) ® S span an isotropic 
plane. So the isotropic planes of one type are parametrized by the elements of 
PS+. Similarly the co- vectors si + tm' = sa ®) + ta ®) 5 = a ® {s'y + t5) and 
sm + tn = s/3®)^ + t(3®)S = l3®) (57 -I- 16) span an isotropic plane of the other 
type. So we see that the isotropic planes of the other type are parametrized by the 
elements of PS_. Focussing on the first kind of isotropic plane, we have: 

{pi + qm){pm' + qn) = p^lm' + pq{ln + mm) + (fmn 

= {pa + ql3) ® (7 A 5). 

So if we take to be spanned by the forms Im' , In -\- mm' , mn, we see that 
the null cone bundle of the associated Weyl structure can be identified with the 
bundle P§+. Then the null cone bundle of (M, S") can be identified with P§_. 
Note that henceforth we usually identify T*M with S+ S~, reserving the use of 
9 to convert to forms. 
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9 The local Levi-Civita connection 



Given the null tetrad {/ = a (g) 7, m = /3 ® 7, m' = a ® = (3 ® 5}, the. 
associated Levi-Civita connection, d of M is given by the formulas: 

d(^m' = D' ®l - E ®m' + B (^n, 

d®n = D'®m + D®m' — A®n. 

Then d automatically preserves the metric g = 2{ln — mm') and these formulas 
give the general such connection; the torsion-free condition that fixes the connec- 
tion one-forms A, B, B', D and E, uniquely and gives the Levi-Civita conneciton 
is: 

dl^Al + Bm + B'm', 
dm^Dl + Em + B'n, 
dm' = D'l - Em' + Bn, 

dn = D'm + Dm' — An. 

Put 2P = A - E and 2Q = A + E, so A = P + Q and E = Q - P. Then the 
connection d lifts uniquely to the spin bundles, such that d ® {a A (3) = and 
d® {'J AS) = (so in particular, the connection on the line bundles L± and L='= is 
flat). Explicitly we have the defining formulas: 

d®a = P ®a + B ® (3, 

d®(3^D®a-P®(3, 
d®-f^Q®-f + B'®5, 
d®5^D'®'y-Q®5. 



20 



10 Abstract indices 



To organize spinor calculations, we use the abstract index formalism of Pen- 
rose. So here elements (or local sections), v of S"^, w of §~, x of S+ and y of 
S_ are represented by v"^' (a primed spinor), w"^ (an un-primed spinor), xa' (a 
primed co-spinor) and yA (an un-primed co-spinor). Idempotent symmetrization 
is represented by parentheses around the indices being symmetrized. Idempotent 
skew symmetrization is represented by brackets around the indices being skew- 
symmetrized. Vector indices for tensors of M are pairs a — AA', b — BB', 
etc. The ordering of primed indices relative to unprimed indices is immaterial. 
The natural skew mappings on the spin spaces are written ea's', ^ab, e^'^' and 
€^^, each a skew tensor, taking values L"*", L~, L+ and L_, respectively, with 
the relative normalization given by e^'^'e^'s' = e^^e^s = 2; also we have 
e Sac — Oq, e ecn — ^(^[c^d]' ^ ^a'c — Oq, ana e ten' — ^(^[c^d'Y 
where 5^ and 5% are the Kronecker delta spinors. Indices are raised and lowered 
with these skew spinors, according to the rules: 

B' R A' A' B' A AB 

va' = V €b'a', wa = weBA, X = e xb', y = Vb- 

The canonical one-form is 9^ = 9^"^' . The conformal structure is then: 

4[y] = ^[^'[^ ® ^^l^'l = e^'^'e^^^, g^9''^9a^ 9^^' ® 9''^'eABeA'B'. 

Any spinor may be decomposed into irreducible parts, each of which is totally 
symmetric and totally trace-free. In particular, we have the decomposition: 

eagb^^AB^A'B' ^^A'B'j^AB^ 

S^A'B' 1^ oanb v^B'A' ^^AB ^ ^ nanb \^BA 
L, — -j^AB^ tl — ,2^ = -j^^A'B'^ U — 

Then E"^'^' is called self-dual and takes values in L~, whereas E^^ is called anti- 
self-dual and takes values in L"*". For a two-form co — ujab9°'9^, where — —uJba', 
we have its conformally invariant decomposition into self-dual and anti-self -dual 
parts: 

uj = ujj^ + 

A'B' AB 
= l^A'B'E , UJa'B' = e ^ab: 

UJ- — UJaB^ , i^AB — e UJab, 

1 1 

^ab — -^^AB^^A'B' + -^^A'B'^^AB- 
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11 Spin connections 

The spin connection corresponding to the local Levi-Civita connection acts on the 
tensor algebra generated by the spin spaces and their duals. The connection 
respects duality; the torsion-free condition is the condition: 

= 0. 

Further the curvature of the induced connections on the line-bundles L''^ and L,± 
vanishes. The curvature two-forms Ra'B' = Rb'A' and Rab = Rba are given by 
the formulas, valid for any spinors fields va' and va'- 

(fvA' = Ra'B'V^' , d^VA = Rabv^. 

The Riemann two-form, Rab — —Rba — d'^d'^Rcdab, which is defined by the rela- 
tion (fva — —RabV^, valid for any co-vector field Va, is given by the formula: 

Rab — Ra'B'^AB + RaB^A'B'- 

Here we may write: 

-KA'S' — (7 y rCcdA'B', ^AB — u U ricdAB, 
RcdA'B' — R[cd\{A'B'), RcdAB — R[cd\{AB)- 

Then we have: 

Rcdah — RcdA'B'^ AB + RcdAB^A'B' ■ 

The first Bianchi identity is: 

= = -R''% = R^e^""' + R^e^'^. 

Using the first Bianchi identity, the Riemann form decomposes as: 

^ab ^ ^ab ^ 29^" s^^ - Ae''e\ 

dbC^ = 0, SaS" = 0. 

Here 5b is the derivation of forms of degree minus one, such that 5b0"' — d^. Then 
Coh = -Cba = 0^9'^Ccdab is called the Weyl form and C^^/ the Weyl tensor. The 
form Sa = O^Sab represents (up to sign) the trace-free part of the Ricci tensor. The 
Ricci form is: 

i?" = -SbR"^ = -S"" + -M". 
2 2 

The Ricci scalar is SaR"" — 6A. 
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We write out the various curvature forms, using the following formulas, which 
define the two-forms E"^'^' and T,^^, the three-form and the four-form E: 

Qagb _ ^ABj^A'B' _|_ ^A'B'j^AB Yl^'B' _ Y,B'A' j^AB _ j^BA 
ga^B'C ^^A'iB'j.C')A^ gaj.BC ^ _^A(Bj.C)A' ^ ^E^ = -5,»E. 

The Einstein three-form is: 

= R^,e^^' - Rp^'^ = -25"''E6 - 3AE„. 
The second Bianchi identity is: 

dRab — 0, dRA'B' = 0, dRAB = 0. 

The second Bianchi identity implies, in particular, the Einstein conservation law: 

= dC". 

Using the information of the first Bianchi identity, the decomposition of the cur- 
vature spinors can be written out as follows: 

Ra'b' — — E*" ^ Ca'b'C'd' — AE^/^' — Ti^^ Sabi 

Rab — —^'^^Cabcd — AE^B — E"^ ^ Sab- 
Here the coefficients Ca'B'cd', called the self-dual Weyl spinor, Cabcd, the anti- 
self -dual Weyl spinor and Sab — Saba'B', the trace-free Ricci tensor, are totally 
symmetric spinors. For the tensor Sab this means that Sab is symmetric and trace- 
free. Also we have for the Weyl form: 

(jab _ (jAB^A'B' _|_ fjA'B' ^AB 
L-AB — ^ABCD, '^A'B' — '^A'B'C'D'- 

Finally we note the relations: 

e'~^^RcdA'B' — —Ca'B'C'D' + ^^a'{C'^d')b', 

^ RcdA'B' — —Cabcd + ^^a{c^d)b- 

It is a basic property of the local Levi-Civita connections that the Weyl tensor 
C^^p*^ depends only on the conformal structure not on the particular Levi-Civita 
connection used to obtain it. It follows that the Weyl spinors are conformally 
invariant also. 
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12 The lift to the co-spin bundle 

We lift the connection to the co-spin bundle S+. This gives a system of horizontal 
vector fields, denoted da. Dually, we have a tautological indexed section tta' of 
S+, whose value at (x, tt^/), with x e M is tt^/. The section tta' takes values 
in the pull-back of §+ to itself. More formally, the pull-back bundle is the col- 
lection of all triples (x, vr, rj) with (x, vr) G S+ and (x, rj) e §+, with fiber map: 
(x, TT, 77) — > (x, tt). The tautological section is then all triples of the form (x, tt, tt), 
with (x, tt) e §+. Then the connection gives a one-form dnA' with values in the 
same bundle. A complete system of holomorphic one-forms for the spin bundle is 
then O"^"^' and d^A', with the exterior derivatives: 

de^^' = 0, didTTA') = d^TTA' = Ra'B'TT^'- 

Relative to the spin basis a, P used above, we have: 

TTA' = pa A' + QPa', 

d-KA' = {dp)aA' + dql3A' + pdaA' + qdPA' 
= {dp + pP + qD) a A' + {dq + pB - qP) Pa' ■ 
Here the variables p and q serve as fiber co-ordinates. Then we have: 

TT^ diTA' = qdp — pdq — p^B -\- 2pqP + q^D. 
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13 The spinor description of the Weyl connections 

Now consider the one-forms ^^^^V^/ and t:^' cLt^a'', these span a three-dimensional 
sub-bundle T' of the co-tangent bundle of S+; but they are homogeneous, so in- 
duce a three-dimensional sub-bundle of the sphere bundle P§+, also called T'. 
Recall the spinor bases {a^', 13 a'} and {7^, 5a}, used above. Note that we have: 

^AT^A'O^^' = paA'lAO^^' + qfiA'lAO^"^' = pa ® ^ + q(5 ® ^ = pi + qm, 

Satta'O^^' = paA'SAO^^' + qPA'^AO^^' ^pa®5 + q(3®5^ pm' + qn. 

This shows that T' gives a Weyl connection for PS+. We compute the Weyl 
torsion of this connection, using the fact that 9^"^ — cf)^, mod O^'tta', for some 
one-form 0^. Note that then we have: 

m = I3a'1a0"' = Pa'T^a'IaO" = -piA<P'^ = P<i), 

m! = aA'^AO'^ = aA'T^^' ^aO'^ ^ q^A(i>^ = 

n = (5A'5Ae'' = Pa'T^a'^aO'' = -p5A<t>^ = -pV'- 

So we have ^"^7^ = —0 and 0"^^^ = V'^ so we may write 0^ = —■07'^ — 
05"^. Then we have 0^0"^ = —20^ = — 2(T. Now for the torsion, we compute 
die^^'iTA') mod T'. This gives, since de"" = 0: 

die^^'lTA') = -e^^'dTTA' = -(/.^(TT^'dTT^O = 0, mod T'. 

Thus the Weyl torsion vanishes. Since we have shown in section six above that the 
torsion-free Weyl connection is unique, this shows that the present construction 
gives the torsion-free Weyl connection. Next we compute the Weyl curvature of 
the Weyl connection. Using the fact that diiA' = tt^/A, for some one-form A, 
modulo T', it follows that (ci7r^')ci7rA' = tt^'tt^/A^ — 0, modulo T', so we have, 
working modulo T': 

diTT^'dTTA') = {d7r^')d7rA' + TT^'e'^e'^RcdA'B'Tr''' = TT^' TT^' TT^' Tt""' cf)^ (f)"" RcdA' B' 
^J. A.^^^'^B'C'D' CDt3 „^A'B'C'D' CDt3 

= -j<pA(p n n TT n e KcdA'B' = -c^tt tt tt tt e KcdA'B' 

^^A'B'C'D'f ^ , A X „_A'B'C'D'^ 

— —air TT TT TT [—Ua'B'C'D' + ■'^^A'{C'^D')B') = CTT^ TT TT TT Ca'B'C'D'- 
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In the last section, we gave the expressed the one-form Tr^'dTr^' as qdp — pdq — 
p^B + 2pqP + q^D in terms of the co-ordinates p and q. Comparing with the 
co-ordinate expression for the one-form 7, we see that necessarily we have the 
relation: 7 = t^^' cLtia' modulo 6. Therefore we see that for the Weyl curvature, 
W — mod T', of the Weyl connection, we have the expression: 

W — L/A'B'C'D'T^ TT TT TT . 

As expected W is homogeneous of degree four in the spinor tt^'. Also this in- 
terprets the curvature W of the Weyl connection as encoding the information of 
the self-dual Weyl spinor of the conformal structure. In particular we have the 
lemmas: 

Lemma 4. The torsion-free Weyl structure, on the primed projective spin bundle 
associated to a given conformal structure is a twistor structure if and only if 
the self -dual part of the Weyl curvature, Ca'B'CD' vanishes identically. 

Lemma 5. The torsion-free Weyl structure, on the primed projective spin bundle 

PS+, associated to a given conformal structure, which has non-vanishing self- 
dual Weyl curvature, Ca'B'cd', is naturally a (2, 3, 5)-system, on the complement 
of the zero set of the homogeneous function on the projective spin bundle PS+, 
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14 The G2-conformal structure 



After Cartan, Nurowski, Cap and Sagerschnig, we know that given any (2, 3, 5) 
structure on five manifold, S, there is canonically associated a conformal struc- 
ture on S, which has holonomy in G2. It is possible to determine this conformal 
structure for the case of the torsion-free Weyl structures of conformal structures, 
whose self-dual Weyl curvature is not identically zero. To express the result, we 
use a local Levi-Civita connection, as described above. Introduce the differential 
operator on the primed spin-bundle S+, Da = t^^' da, where da are the horizontal 
vector-fields of the connection (so 9°'{di,) — 5^ and (d7r^/)(9a) = 0). Then define: 

i> = CA'B'C'D'-n-^'Tr^'Tr'^'Tr^' , IpA = I^'^DaiP, i>AB = Ip'^DADsi^. 

Note that ijj = W, where W is the Weyl curvature of the Weyl connection and 
we work only at points where ^ 7^ 0; it follows from the definition of t/j and 
formulas for the curvature that t/jAB is automatically symmetric. Also V', V'a and 
are homogeneous of degrees four, one and two, respectively, in the variable 
tta'- Recall that the pieces of the primed curvature are given by the formulas: 

(Ptta' — Ra'B'T^^ , Ra'B' — — S*^ ^ Ca'B'C'D' — ASa'B' — Sab- 
Define the one form, 9"^ and the spinor tab — tba by the formulas: 

9^ - ^«7r^,, TAB = ^(-167r-^'7r^'5'„;. + ^xI^a^b - ^^ab). 

Note that 9^ and tab are homogeneous of degrees one and minus two in the 
variable tt^', respectively. The main result of this work then is: 

Theorem 2. The canonical conformal structure Q on the sphere bundle of the 
torsion-free Weyl structure of a conformal structure in four-dimensions may be 
given by the formula: 

Q = ^{ATT^'dTTA' - iJA9^ f + 9''9a + 29^9''tab. 

The proof of the theorem is by direct calculation, following Cap and Sagerschnig, 
and will be given in sections fifteen to twenty below. The result can be stringently 
tested, in examples, by calculating this conformal structure, by first converting 
into the canonical form of Cartan and then using Nurowski 's formula. Here we 
confine ourselves to two examples, one, the case of the Kapadia family of plane 
wave metrics, which contains the flat G2 geometry as a special case, and the other 
the famous Schwarzschild metric. 
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15 Summary of key spin-bundle formulas 



The spin-connection da of the space-time is torsion free and kills gab, ^ab and 
eA'B'- The spinor curvature RabCD' obeys the relations, for any spinor fields va' 
and Va on the space-time: 

[da-, db]vc' = RabC'D'v"', [Oa, db]vc = RabCDV^ , 
RabC'D' = —^AbCa'B'C'D' — ^A'B'SaBC'D' + ^AB^^C'{A'^B')D' ■ 
RabCD = —^A'B'CaBCD — ^AbSa'B'CD + ^A' B' ^^C{A^B)D- 

Lifting to the spin bundle we get the following commutators of derivatives: 

[da, db] = —RabC'D'T^'^ 9^ = ^AB^T^(A'dB')+^ABC A' B'C D'T^^ 9^ +^A' B' SaBC D'T^ 

Here we act on functions on the spin bundle holomorphic in the spinor -ka'- The 
spinors Ca'B'cd' and Cabcd are totally symmetric. For a real space-time, the 
function A and the trace-free symmetric tensor Sab — Saba'B' — S(ab){A'b') 
are real and Cabcd is the complex conjugate of Ca'b'cd'- The vertical vector 
field 9^' annihilates functions and tensors pulled back to the spin bundle from the 
space-time. Also we have the derivatives: 

Next put Da = tt^^'Sq, so Da spans the (2, 3, 5)-structure. Also define the spinor 
ipA' = Ca'B'C'D'T^^' T^^' T^'^' and the scalar = iIja'T^^' = Ca'B'cd''^^''^^''^'^''^^' ■ 
When tjj 0, put i/ja = 4>~^Da4> and i/jab = '4>~^DaDb'4> = '4>ba- We have:, 
acting on (holomorphic) functions on the spin-bundle: 

[Da, Db] = SAB^^A'd^', DcD^" = ^a'O^' . 

The Lie bracket of vector fields V = v"'da + VA'd^' and W = w°'da + WA'd^' is: 

[V, W] = {V{w'') - W{v''))da + {V{wb') - W{vb') - v'w^n^'R,aA'B')d'''. 

In the particular case that = v^n^' and uf = w;^7r^', soV = v^Da + VA'd^' 
and W = w^Da + wa'O^ , the commutator simplifies to: 

[V, W] = (Viw^) - W{v^))Da + {V{wB') - W{vB') + vcw^iPB')d''' . 

Put 9 = n^'diTc'- Then the covariant exterior derivative, d, obeys, in particular 
the relation: 

d9 = din'^'dTTA') 

= {dn^')dnA' - S^'^'(A7r^,7rB' + C^'b'c'd'TT^V^') - E^^5„,7r^'7r^'. 
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16 The Reeb vector field and the contact form 



We work systematically through the paper of Cap and Sagerschnig, either using 
their notation, or simple variants of their notation ||3|. We first need the Reeb 
vector field and the contact form. Let V = v"-da + VA'd^' be a homogeneous 
vector field on the spin bundle (with v"" homogeneous of degree zero and va' 
homogeneous of degree one, where (t>", va') is equivalent to (t>", va' + stxa'), for 
any function s of degree zero). 

• V belongs to T^^ iff f "vr^/ = and vai = iff f a/ = and f " = f^vr^' for 
some unique f ^, iff = v'^Da- 

• V belongs to iff v"'TtA' = iff f " = f'^vr^' for some unique iff 

V = v'^DA + VA'd^' . 

• The map g_2 may be construed as mapping the pair (f'^Tr^', va') to va' mod 
tta' or just to f = fA'TT"^ . So here g_2 may be identified with contraction 
with the one-form on the spin-bundle, 9 = n'^ duc. 

• The map g_3 may be construed as mapping the pair (t>", va') to v^-tva'- In 
particular g_3 annihilates all vertical vector fields VA'd^ and annihilates 
T^^ and T^^. Since the image of g_3 carries an index, we rewrite g_3 as 
q^^. So here q^^ may be identified with contraction with the one-form on 
the spin-bundle, 9^ = txa'9"'. 

We consider the image under 9^ of the iterated bracket [V, \W, X]], where V and 
W belong to T^^ and X belongs to T^^, but not to T~^, so we may write: 

V = v^da, v^-ka' = 0, v'' = v\^\ 

X = x^da + xVa' = 0, x" = e^vr^', X = XA'vr^' ^ 0. 

Note that x = xa'Vt^' has degree two. We need to calculate: 

9''i[V, [W,X]]) = 9^i[v'^da, [w%,x'd, + 
We first consider the terms involving one or more derivatives of or xa'' 

9^{[V, W{x'')da + W{xA')d^' - X{w')d, - w'^x'Rabc'D'n^'d''']) 

= (W(X^) - W{x'')daV' - W{xA')d^'v' - V{X{w'')))'Kc' 

= v'W{xc') - V{X{w'')'Kc') = v'W{xc') + w'V{xc') 
= v'^ 'K^' W [xc) + vj^-K^'Vixa) = v^W{x) + w'^V{x). 
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The terms not involving the derivatives of either or xa' are then the contraction 
xc'Z'^ + x'^Z^, where firstly Z'^ is given as : 

= {d'^'w^){daV^'^)7lB'-v'^da{d^'w^''')nB> 

Secondly Z^ is given by the formula: 

z^ = e'^{[v''da,[w%,d,]]) 

= e^'iiv'^da, -id,w')dh - w'RMA'C'^^'d''']) 
= e'^i-v'^idaddW') + {ddw'){dtv')+w'RMA'C'Tr^'{d^'v''))de 
= -v''{daddW'')nc' + {ddw'){dbV')7Tc' + w'RbdA'E'7r'''{d'''v'')nc' 

= -w'^v'^RbdA'C'T^^' 
= TT TT TT^ W v'^eBoCB'D'A'C +'W TT TT*" TT eB'D'OBDA'C 
= V^{wdiI^D' + -Kd'W^ SdBA'B'T^^' T^^')- 

So, altogether, we have (since x'^TTr)/ = 0): 

^^([1/, [ly, X]]) = + w^V{x) + xc'7r^V(«;^) + t;^^;^^'!?'^''?^^' 

= xV{w^) + 'i;^w^(Dij(a;) - ^b^) + wS^L'ij(a;) 

Tas^ = 5^{x~^Dbx - x-^^B^) + 5%x-^Dax. 
Put Xa = x~^Dax and xab = x~^D(aDb)X, so now we have: 
Tas^ = 5a{xb - x-^^B^) + ^gxA, 

Now let dviW) = i^^n^'da. 
Then we have: 

= -ixc'd^"i^i\'''))7TA' 

= i,\ = e^{[v,[w,x]]). 

So we have: 
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We extend to gr_2 by the formula, valid for Wi — wfn'^'da and W2 — w^'k'^' da- 

dv{{wi)AW^ij)=%x_MdvWi),W2]-[{dvW2),Wi]) = {{dvWi)cw'^-{dvW2)cw^)^p 
= ^l^{y{{w^)AW^) - t;^r^/«;f (t02)c + ^-"r^/wf (wi)c) 

= {V{{w^)aw^) + x-\W{x) - v''iBip){w^)AW^)ilj. 
Putting y — {wi)aW2'^, we get: 

In particular we need that x be covariantly constant, so we need: 

= x-^dv{x) = v^{4:X-^Dax - ip-^DAip - x'^W^^). 

Since we need this to be true for all V so for all v"^, we get that given x, is 
determined by the formula: 

= x^l:-\Ax~^D^x - ^Ij-^D^xIj) = xiIj-\Ax^ - V'^). 

Back substituting, we get: 

^AB^ = ^Aii^B - ) + SgXA, ^AB^ ^ IpA - Xa- 

So now let X = x'^da + xa'O^' be given, with xa'T^^' — x, x"" — n"^'^^ and 
= x^~^{Ax'^ — ^^). This is the so-called Reeb vector field. Let the associated 
contact form be 7 = x'^vr*" d-Kc + 'jA'^A'd"'- Note that lxI = 1, as required. We 
fix 7^, which has degree minus one, by the requirement that: 

= LxtDAdl 

= ixiD^(7r^'d7rc'^»(x-29„x+9^,7^)+^'^^^(9„7B)7rB'+(2x)-i^«^^i?„;.c'D'7r^'7r^') 

= —x'^DaX — X^A + X~^^Ai^- 

So we get: 

J A = x~^{-x'^Dax + x^VCa) = x~^{3xa - iPa)- 
So the contact form dual to the Reeb vector field is: 

7 = x-\7r^' dnc + {SxA - xIja)7Ta'0''). 
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17 The decomposition of the tangent bundle 

LetZ = z"(9a+ZA'«9^' be a vector field. We find Zi e T^^ such that Zi] e 

T-2; equivalently 9^{Z - [X, Z^]) = 0. We have: 

e^{Z - [X, Z,]) = z'^TTA' + 0^{[y%, + xc'd""') 
= z'^TTA' + iy%x'' - x%y'' - xc'd^'y'')7rA' 

= z"'7lA' + XA'y"" = Z'^TIA' + Xy^. 

So 1/^ = —x~^z"-tca'- Then we have: 

Z - [X, Zi] = Z'^da + ZA'd^' - [x'dc + xc'd^'^y^da] 

Now we have, by construction that z^ exists, so that: 

z"" - x'd.y" + y'dX - xcd^'y" = z^n^' . 
Explicitly, we have: 

z^ = x-'z^^'xB' - fDcy^ + y^Dc^ - xc^d^'y^ 

Then we get: 

Z - [X, Zi] -kX^ {z^ - ki^)DA + {-kxD' + ZD> + y^DAXD' - ^cy^i^D')d^' 
Choose k to eliminate the last term: 

k = x-^{zd'T^^' + y^DAX - icy^ip) = x-^zd'T^^' + y^{ipA - 3xa). 
Summarizing we have the decomposition: 

Z = [X, Zi] + kX + Z2, 
Zi^y^DA, Z2^u^Da, 

= -X-^Z^TTa': 

= x-^z^XA' - X{y^) + y^DBi^ - k^^, 
k = x~^zd'7^^' + y^ii^A - 3xa). 



32 



18 The map ^ 

We next calculate the map Acting on T = f^da = t^DA, where = t^ix^' , 
^>[T) is given by the foraiula: 

2{^>{T),q^,{X)}^ = d\[X, [T,X]]) 
= 9Wx, [eda,x''d, + XB'd''']]) 
- e\[x^d, + x^a^', (T(x^) - X{t'))d, + (T(xz,0 + tFe'^^D')^''']]) 
- x\d,{T{x'')nA' - XiniiA')) + (a;c'9^'(T(x'') - X(r)))7rA' 
-(T(a;z5') + tFei,D'){d'''x'')TiA' - {T{x') - X{t')){dtx'')7rA' 
= x'd.it'^XA') + {xc'd^'{T{x^)TTA' - X{t^)7iA')) " - ^(^")) 

+^\^'{T{xA')+tFX^^A') 

= X(xi^) - - X(t^)) + e{T(x) + tp^^) 

= 2xX{t^) + t^X{x) xT(e^) + C^{T{x) + tF^i^) 
= 2{^{TYda,XE'd^'}^ = -2x^,9^' (*(r)^7r^')7rA, 

= 2x*(r)^. 

So we get: 

For the metric we need the symmetric part of Pab- We have: 

2P(AB) = -D(AiB) + x"^^(A-DB)a; - x~ VCa^b 

= 5ip-\D^Ax)DB)ip - iip-'D^ADB)X + xi:-^D^ADB)i^ - 2xij-%D(Aip)DB)ip 
+Ax-^'il)-\D^Ax)DB)X-^l:-''{D^Ax:)DB)iJ~xij-\Ax-^DAX-^l^-^DAi^){Ax-^DBX-^l^-^DBi^) 
= xiI^-^D^aDb)^ - A^P-'D^aDb)X 
+12^jj-'^{D^Ax)DB)^ - ?>x'iI)-^{DaiI^)Db'4^ - I2x-^ iI)-^{Dax)Dbx. 
So we get: 

P(ab)^^{^-^D^aDb)^-^x-^D^aDb)X-?>{^P-^Da^P-2x-^Dax){^-^Db^-2x-^Dbx)) 

X 

= TTjii^AB - 4:Xab - 3(V'A - 2xa)(V'b - 2xb)). 
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19 The map $ 



Next we calculate the map $. Let V = v^'da and W = w°'da in T ^ be given, with 
ya _ yA^A' _ yjA^A' ^ Then we have: 

l{[V,W])^j{[v''da,W%]) 

= 7((F(w^) - W{v^))Db + vcw^i^B'd^') 

— X^^VcW^'ijj. 

Also we have: 

Z=[V,W]-^i[V,W])X 
= {V{w^)-W{v^))DA+vcw''ijB'd''' -x-'vcw^'^ixA'd^' +^^Da) = Z^Da, 

Now we have, for T — t"-da, where = t^n^': 

dvdwT - dwdvT - dzT 

= {VW - WV){t^) + Viw^'t^Fsc^) - Wiv^'t^FBc^) 

So we get: 

^T)=xr\-n^\^'SB,c'D''t^+^^D'd^'t^-t^D^T^a^+t'r^a^T^^^^^ 
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For the metric, we need the symmetric part of Qab- We have: 

= (4x(A - V'(a)(-3xb) + ipB)) - D(^a{-^x~^Db)X + iP~^Db)iP) 
+ {-3XE + i>E)eciAT^B) + xceE(AT^B) 

= 3xab - i^AB + (4X(A - iP{a){-^Xb) + i^B)) - "iXAXB + ^^^S 

+ (3a;'^ - ip^')V(AB)c - x^'Vc(ab) 

= "iXAB - IpAB + (4X(A - iP(a){-^Xb) + IpB)) - ^XaXb + IpA^pB 
+ (3X(A - V'(a)(2xb) - IpB)) + X(^a{^Xb) - IpB)) 
= SxaB - IpAB - QxaXb + Xi^Ai^B) + V'aV'B 
= 3xas - IpAB + {ii{A - 2X(a)('0B) + 3xb)). 

So we have: 

Q{AB) = 3^-0"^ (^-Tr^V^'S'ab + 2>Xab " V'AB + ('0(A " 2a;(A)('0B) + 3Xb))) . 

For the metric we need the combination: Uab — \{TP{ab) — 2(5(as))- We find: 

l^ijx-^U^AB) - 47r^V^'5„fe 

= 7V'ab-28xab-21(V'a-2xa)(V'b-2xb)-12xab+4V'as-4(V'(a-2x(a)(V'b)+3xb)) 
= IIV'AB - 40xab - 5(V'(A - 2a;(A)(5t/'B) - &xb))- 

So we get: 

X /4 / / 11 \ 
= (47r^'7r^'5'afe + H^Jab - 25^a^/;s j +a;^"^ (-4a;As + ^^^{aXb) - ^xaXb)) ■ 
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20 The G2-conformal structure 

The metric, regarded as a quadratic form on a tangent vector Z = z°'da + za'O^' , 
is: 

2 

g{Z,Z) = -Lz^LzMl) + 3(^2(7)) , 

Z3 = 7r_i(Z) = + ^(7* - 2$)(Zi). 

o 

Now we have: 

— x^^TT*^ zc + x~^{3xa — iIja)t^a'z"' 

Here = —x~^z"-7rA', as usual. Note that Zi = y^DA- Also Z3 = v^Da, where 
we have: 

5 

2 

Collecting terms in -(6^(7))^, we get: 

O 

iLz{l)f = F^'^'-^A'-^B' + F-'yAZA' + FabV^V^, 
pA'B' ^ 2 2 ^, 5, 

3 

3 ^ ' 

2 

Fab = 6xaXb - 4x(aV'b) + gV'^V'B- 
It remains to compute the term iz^i'Zi (d'y). First we have: 

= 7r^'ci7rc'^''(x"2(9aX + dA'{5x-'^DAX - a;-V"^^A^)) 
+r^^((2x)-^i?a6C'z?'7r^'7r^' - TTA'db{3x-^DAX - x-^ip-^DAip)). 
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Contracting this expression with Da, we get: 

= -n^'d-Kc'K^'ix-'^daX + dA'i'ix-'^DAX - X^V^^aV')) 
+T:^'e\x-^RaW'D'T^^'T^^' + T^E'dai'^X''^ D bX - X'^ l/j'^ D bI/^) 

= —X~^Tt'^ dTrc'{4:XA — "ipA) 
+e\x-^RabC'D'Tl^'Tl'^'l^'^' + TlB'DA{:ix-^DBX - X-'^J-'DBi/j) 

= —x~^Ti^ d7rc'{4:XA — 'iPa) 
+e\x-\-eAB^B' - t^b'Sabc'd'TT^'t^^') + TTB'DAi^x-^DBX - x-^ ^j-^ D sip)) 

= -X-^T:^'dT:c'{^XA-i^A)-X-^ea'll^^'-X-^e^Sab'K^'Tl^'+e^DA{2,X-^DBX-X-^ll)-^DBi^). 

Then we have: 

t'Dg^'DAidl) = -eABX'^ip, iz^izMl) = -x'^ipUAv"^. 
Thus it remains to compute the term x'^t/jyAv"^. Now we have: 

yAV^ = yAU^+^m-2<^>){y))^ 
o 

= yAU^ + yAX{y^) - ^{7Pab - 2QAB)y^y'' 

o 

= yAix-'z^'xA' - X{y^) + y^DB^ - k^) + - C/As/y^ 

= x-^yAZ^XA' - y^y^'iDA^B + Uab) + k^y^ 
= -x-'z^'nB'z''^'xA' - y^y^'iDA^B + Uab) 
+ {Uy'')ix-'zA'n^' + y'^ii^B - 3xb)) 

= ^zaz^ - y^y^iDA^B + Uab) + {Uy^){x-'zA'n^' + - Sxb)) 

= {2x)~'zaz''-x''yAZA<^n^' 
+y^y''{-DACB - Uab + Uii^B - 3xb)). 
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So we get: 

Hab 

= -a;-i7r^'(4x^-V^), 

Hab = x~V(--D(aCb) - C(a(3xb) - ipB)) - Uab) 

= -x''^iPD(^a{4:iP~^Db)X - xiP~'^Db)iP) - (4x(a - V'(a) (3xb) -ipB))- x^'^i^Uab 

= Vab - 4xas + 5ij(^AXB) - "^tpA^B - (4x(A - ^(A)(3a;B) - ^b)) - x'^iPUab 

= ipAB - 4:Xab - 12a;AXB + 12^(aXb) - 3V'a^b - 

= V'AB - 4xab - ^ip{A - '2x(^a){'iPb) - 2Xb)) 
2/1 11 5 

2 I I 1 1 

O ±U z 

Note that we have: 

o o 

2 2 / / 1 1 

Fab+Hab = 6xAXB-4x(AV'B) + gV'AV'B-g7r^'7r^'S'a6-— V'As-2V'AV'B+4V'(Aa;B)-6xAX^ 

1 , , 2 4' D' „ 1 , 

= « V'aV'S - r ^ ^ Sab - T7{WAB- 

6 5 10 

So now we may collect terms in the metric: 

g{Z, Z) = F^'^^'za'Zb' + K^VaZa' + HabZ^z' + v^v^'Gab. 

X" = + = -— TT^V^, 

3a; 

rr _A 
-"ab — 2^2 

2 , , 2 1 

Gab = Fab + -f^^s = --t^^'t^^' Sab + -'ipAil'B - -t^'^ab- 

5 6 10 
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Alternatively, after substituting for y^, we have: 

riA'B' „A'B' riB' ^J, ^ ^B' 

Gab = -i^Qab + — 7rA'7rB'(-127r'^'7r^'5'ABC'D' + SV'aV'b - SV'ab)- 

Remarkably, all the dependence of the metric on the vector field X goes only into 
the conformal factor ! 

Writing the metric in terms of co- vectors, we have: 

g = F^''^' dnA'®dnB'--x-^ K\eA®d'KA'+d'KA'®0A)+Hab9''®9^+x-^e^®e^ Gab 

= ^.{^^'d-A^f - ^y'd.A^^Ae^ + 



2 /I/ D' „ 1 , , 1 , 

' AB 



5 Qr^r^ -^Q 

Rescaling, we have: 

120x^g = 80(7r^' dTTA')^ - AQn^' diTA'i^AO^ + GOV^^^^a + xabO^O^, 

Xab = -^Stt^'tt'^'Sabc'd' + 20^A^B - I^i/jab- 
Alternatively, completing the square with the n'^'dnA' terms, we get: 

120x2^ = 5 (ATT'^'dTTA' - ^AO^y + 60V^r^„ + ^abO'^O^, 

lAB = -AStt'^'tT^' SaBC'D' + 15lpAlpB " ^^IpAB- 

Rescaling again, we obtain the conformal structure in the form: 

G = 2x''ip-'g = ^ (iir^'dTTA' - IpAe^f + ^"^a + 20^0^TAB, 

Tab = -^{-16%'^'%^' Sabc'd' + ^^ja^^b - ^^^ab) = tba- 
This completes the proof of theorem two. 
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21 The Kapadia family of plane wave space-times 

The Kapadia family of space-times is a family of null plane-fronted waves, whose 
metric in co-ordinates (m, v,x,y) G U C (with U open and connected, for 
simplicity) is [fT2]| : 

g = 2h^'^{u)[dudv — dx^ — f'^{u)dy^) = 2{ln — mm), 

I = h~'^du, n = dv, m = h~^{dx + ifdy), Wi = h"^ [dx — i f dy) , 
dl = 0, dn = 0, dm = CI, dm = CI, 
C = Am + Bm = h'dx + i{fh' - hf)dy, 
dC = Sim + Tim, 

S = h'A' -A''-B^ = hU^-^], T = h'B' - 2AB = 

\ n Zj J 2 J 

Here f{u) and h{u) are positive smooth real functions of the variable u, defined 
on the open set U. Also we use a prime to abbreviate the derivative with respect 
to u. For the spin connection, we take a spin basis, [oa-, ^a}, with conjugate basis, 
{oA'.iA'}, such that Z„ = oaOa', ma = oa^a', ma = laoa' and = la^a', 
2o[A'f'B'] = ^A'B' and gab = ^ab^a'b'- The associated Levi-Civita spin connection 
is simply: 

doA = 0, diA = Coa, do A' = 0, dtA' = Coa'- 

The primed curvature spinor, Ra'b', given by the formula, valid for any spinor 
field va'- d'^VA' = Ra'b'V^' , is as follows: 



Ra'B' — OA'OB'dC — — S Ca'B'C'D' — Sab^ , 
Ca'B'C'D' = —Toa'Ob'OciOo', Sab = Slah = SoaObOa'Ob' ■ 

In particular the Ricci scalar is zero; whenever /" is non-zero, the Weyl spinor 
Ca'B'C'D' is non-zero and of type (4) (null). Hence-forth we assume that /" 7^ 0. 
Note that the Kapadia space-times are always locally conformal to vacuum, since 
locally the equation S = can be solved with a positive solution for h, given /. 
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22 The (2, 3, 5)-structure for the Kapadia metrics 



Introduce the fiber co-ordinate for the primed co-spin bundle, A, by the relation 
= tta'O^'X + TTA't^'- Then the torsion-free Weyl connection is: 

r' = 7}, 

a — Xl+m — 57-, p = Am+n — 57-, 7 = dA+C — 



ttb'O^ ttb'O^ [ttb'O^ y 

Here we require that t and we have put A = st'^. Note that the the principal 
spinor of the Weyl spinor corresponds to A = 00, so the Weyl structure is defined 
for all complex A. By straight- forward manipulations, we may put this structure 
in the standard Cartan form, with variables {u, t, p, g, z}: 

T' — {dt — pdu, dp — qdu, dz — Fdu}. 

Here we have: 

ht = —X — iyf, 
h^p = X + xh' + iy{fh' -hf), 
h^q = -2h'{A) + x{hh" - 2{h'f) + iyf{hh" - 2{h'f) - iyh{hf" - 2h'f), 

z^v + {Xh ^){x - ify) + —{x - ifyf, 

F^aq'^ + Ppt + -fqt + St^ + epq + Cp^ 
A' n h'^f Ah'h"f 2hh"f ,2 

h'f , {h"ff h\fr _ ^fhh' , _ Afjh'r 

4=f f" ' ^~ f" f" ' 

So we have shown that the Cartan function F{u, t, p, q, z) for the Kapadia space- 
times can be taken to be a homogeneous quadratic function of the variable t, p and 
q, with coefficients functions of the variable u only, determined directly from the 
metric functions f{u) and h{u). Note that, in particular, the function F is inde- 
pendent of the variable z. Also we have F^q — 2a ^ so the Cartan formalism 
applies. 
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23 The G2-structure for the Kapadia metrics 



Using Maple and the metric formula of Nurowski, the conformal structure G for 
the Weyl structure of the spin bundle for the Kapadia space-times takes the form: 

G = Gu{dt — pduY + Gs3{dp — qduY 

+2{dt—pdu){Gi3{dp—qdu)+Gi4^dq+Gi5du)+2G25du{dz—Fdu—Fq{dp—qdu)). 

Here the not identically zero pentad coefficients are given as follows: 

^t^Gn = h\mff + lohh'ffifr + ^h'ffrr - 20{hrf{f"r 

-lOhh'fff" - bh^fif'f - I2h^f{ff + 30hh"f{f"y + Sfh^ff", 

if' 



80/i7 



Gn^hff" + 2h'ff-hfr, 



_ 240fff_ _ 120 fh^ 320/^/1^ 

^14 — ^j//^4 ' ^25 — ^y//^3 ' ^33 — (f")"^ ' 

if'T 



:Gi5 = Mhfihff" + 2h'ff - hff") 



+t{-Ah'h"ff" + Ahh"'ff" + Ahh"fff" - Ahh"ff" - h'^fiff) 
+2pf{Ahh'fr - A{h'fff" + &hh"ff" - Ahh'ff" - h\f"f). 

Maple gives the determinant of the metric in the co-ordinates (w, t, p, g, z) as fol- 
lows: — 2^°3^5^/^^/i^^(/")"^^, which is non-zero. The Einstein and Weyl ten- 
sors of the metric G, as just written, each have only one independent component. 
These components may be written quite compactly by introducing functions t{u) 
and w{u) > 0, related to / and h by the formulas: 

fit / fll \ fill fl / fii\3 

Then we find, using a co-ordinate basis in the order {u,t,p,q, z) that the indepen- 
dent non-identically zero curvature components, ETu of the Einstein tensor and 
WT1212 of the Weyl tensor are as follows: 

20wETn = -60w" + 3(s^ + 2e-^'^")'^" - As')w, 

5wtM^Ti2i2 = 90ss"-96s2s'+e^"(")'^"(48s'-12s2)-27e2^^(")'^"+57(s')Vl2s^-30s'". 

It is easily seen that the metric G is always locally conformal to vacuum. Finally, 
translating back into the original co-ordinates of the spin bundle, using Maple we 
find exact agreement with the general formula given in Theorem 2. 
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24 Special cases of the Kapadia G2 -structures 



Consider the case that / = u/"^^ , with u > and m 7^ ±1 a real constant. 
Then we have, after multiplying the conformal structure by the conformal factor 

AOVETu = -120V" + 3(m2 - 9)u-^V, 
S0w^V'^WTi2i2 = -Su-'^im - 3)(m + 3) (3m - l)(3m + 1). 

2 1 

In particular in the cases f — v?, f — u~^, f = and / = u^, the conformal 
structure of the co-spin bundle is conformally flat and in all other cases it is not 
conformally flat. Also in the cases f = u"^ and / = u~^, the G2-structure is flat, 

2 1 

with V = 1, whereas in the cases f = u^^ and f = u^^, the G2-structure is flat, 
with V = . Note that in all these cases the original space-time metric is not 
conformally flat. We summarize with a Lemma: 

Lemma 6. Consider the special Kapadia conformal structures: 

ds^ = 2{dudv - dx^ - u'^+^dy'^). 

Then the Gi2-conformal structure of the primed co-spin bundle is conformally fiat 
if and only ifm = ±3 or m = ±| and in these cases gives local flat models for 
the Cartan (2, 3, 5)-system: i.e. the Cartan structure has the Lie algebra of G2 
as symmetries. In particular, for these special values of m, the primed co-spin 
bundle is locally conformal to a de-Sitter space in five dimensions. 
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25 The Schwarzschild metric 



Let m be a positive real constant, with the same dimensions as length. Then the 
Schwarzschild metric is: 

^ fr_-2m\ / ^2 _ rV ^ \ _ ^^^^^^ ^ sm\e)d(l)^) = In - i^fi', 
\ r J \ (r-2m) / 

vdv / T \ 

I — du — dt — , u — t — r — 2m In I 1 ) , dl — 0, 

r — 2m \2m / 

„ , (r — 2m)du , 2mdrdu mnl 
n = 2dr H , dn = — = — 

II — r{d9 + i sm.{9)d(f)) — r sm.{9)dx, x — i(f) -\-\n. ^tan ^- 

d/. = ^ + ri cos{e)ded<t> = _ 1 

Note that in the (it, r,9,(f)) co-ordinate system the tetrad is defined for all u and 
for r > 0. The variables 6 and 4> are standard spherical polar co-ordinates. The 
variable x gives a local holomorphic co-ordinate for the natural complex structure 
of the two-spheres of constant curvature at constant (t, r). We introduce the spinor 
basis oa' and la' with their conjugates oa and la, such that: 

la = OAOA', fJ'a = OALA', V^u^^AOA', na = iAl'A'- 

Then the Levi-Civita spin connection is: 

do A' — Poa' + BiA'-i do A — Poa + Bla, 

dbA' = Do A' — Pi A', dlA — Do A — PiA-i 

^ " " (i) = "^^"^^ - isin(^)#), 

^ /r — 2m\ ( r — 2m\ , ,^ . . /^s , ,s 
D^ [^-^) ide + zsm{e)d<l>). 

Then we have, for the curvature, valid for any spinor field va' '■ 

a Va' = HA'B'V , riA'B' = ^A'B'C'D', ^A'B'C'D' — -^0(^A'Ob' l^C ^D')- 

In particular, the space-time is Ricci flat: Sab = and A = 0. Also the self -dual 
Weyl curvature is never zero, except at the singularity r = 0. 
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26 The G2-conformal structure of Schwarzschild 

In the primed co-spin bundle, introduce the fiber co-ordinate A by the relation: 

A' \ A' 
TT^'t A = TTA'O . 

Note that the principal spinors of the Weyl spinor, the zeroes of the polynomial 
^j, correspond to the values A = and A = cxo. Using the formula of Theorem 2 
above, a representative of the conformal structure G, which is defined whenever 
A 7^ and r 7^ 0, is given as follows: 

UiPiTTB'i^'y^G = Gil {dXy + 2Gi2dXdu + 2Gi^d\dr + 2Gud\dx + 2Gi5dXdx 

+G22{duf + 2G2zdudr + 2G2Adudx + 2G25dudx 
+G33{drf + 2G34drdx + 2G35drdx + Gu{dx)'^ + 2G45dxdx + Gs^idx)'^. 
Here the individual coefficients are assembled as follows: 

Gu = 16, 

G12 = 4Ar"^(5r - 14m), 

Gis = 20Xr-\ 

Gu = -2X^r-\r - 2m) sm{9) - 8A cos(^), 

Gis = 8Acos(^) - 2sin(^), 

G22 = 4:r~^\^{4:r'^ - 5rm - 2m^), 

= 16AV"-'^(r + 2m), 

G24 = 2X^r~^{r - 2m)(r - 4m) sin(6') - 2AV"^(5r - 14m) cos(6'), 

G25 = 2AV"^(5r - 14m) cos(^) + 2Ar"^(r - 4m) sin(^), 

G33 = 28AV-^ 

G34 = 4AV-2(2r - 7m) sin(e) - IOAV"^ cos(^), 

Gas = IOAV-^cos(^) - 4Ar-^sin(^), 

G44 = AV-^(r - 2m) ^ sm^(e) + 2X\'\r - 2m) sin(^) cos(^) + 4A^ cos^(^), 

G45 = -AV-^(r-2m) sin(e) cos(e)-5AV-^(r+4m) sin^(e)-4A^ cos^(e)+Asin(e) cos(e), 

G55 = ^X^cos'^ie) - 2Asin(^) cos(^) + sin2(^). 

• . , • (7^A'i^')^Gii . 16r^sm\9) ^ 
Using Maple, the determinant 01 the matrix is — . It may 

12-'tp 9mA^ 

be shown that this metric is regular on the axis, where 9 — 0, or 6 — n. 
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27 The Cartan canonical form for Schwarzschild 



The torsion-free Weyl structure for Schwarzschild is as follows: 
uji — ^ „, = I — Xfj, — du — Xr sm{9)dx, 



Tic 



6 f X\ 

—ji — Xn — rsm(6)d:x — ( — I (2rdr + (r — 2m)du), 



u,^^^^ = dX-B-2XP-rX'D 



= ^^~\ ~ ) '^^+( 7^ ) (A(r-2m)sin(6')-rcos(6'))(ix+-(Acos(6')+sin(6'))(ix. 



^) ^+[^^^4^) ) (A(r-2m)sin(e)-rcos(^))/.+ (^^— ^ ) (Acos(^)+sin(^))7I 
Am 

Now put: 

p=Arsin(^), = Ar sin(^) cos(^)— A^ sin^(^)(r— 3m), 2; = cos(^)— Asiii(^), 
Then we have: 

du — pdx — cui, 

Asin(^), ^ , 1 . . 
dp — qdx = [r — 4m)a;i — - sm[d)(jj2 + rsm[0)u}3, 

mAsin(6') . 
dz — t dx — ^ u)\ — sm(c^ja;3, 

-2r^F = 2gr^ + sin^(6') + p^(r - 2m). 

The variables for the Cartan system are g, 2;, x. In these variables, we have 
the Pfaffian system in the standard Cartan form: 

T' = {du — pdx, dp — qdx, dz — F{x,u,p,q, z)dx}, 

z"^ — 1 2{q — pz)i 

r — J — . 

2 3p(3m)2 

Note that F is independent of the variables x and u. This reflects that the system 
is time independent and rotationally symmetric. Calculating the conformal struc- 
ture, directly in terms of F, using the Maple computing system and the metric 
formula of Nurowski, we find exact agreement with our general formula for the 
conformal structure. 
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